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On almost complex Lie algebroids
Cristian Ida and Paul Popescu
Abstract
The almost complex Lie algebroids over smooth manifolds are introduced in the paper. In
the first part we give some examples and we obtain a Newlander-Nirenberg type theorem on
almost complex Lie algebroids. Next the almost Hermitian Lie algebroids and some related
structures on the associated complex Lie algebroid are studied. For instance, we obtain
that the E-Chern form of E1,0 associated to an almost complex connection ∇ on E can be
expressed in terms of the matrix JER, where JE is the almost complex structure of E and R
is the curvature of ∇. Also, we consider a metric product connection associated to an almost
Hermitian Lie algebroid and we prove that the mean curvature section of E0,1 vanishes and
the second fundamental 2–form section of E0,1 vanishes iff the Lie algebroid is Hermitian.
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1 Introduction and preliminaries
The Lie algebroids, [24, 25], are generalizations of Lie algebras and integrable distributions. In
fact a Lie algebroid is an anchored vector bundle with a Lie bracket on module of sections. The
cotangent bundle of a Poisson manifold has a natural structure of a Lie algebroid and between
Poisson structures and Lie algebroids are many other connections, as for instance for every Lie
algebroid structure on an anchored vector bundle there is a specific linear Poisson structure on
the corresponding dual vector bundle and conversely. In the last decades the Lie algebroids are
intensively studied by many authors, see for instance [9, 11, 14, 18, 22, 24, 29, 30], from more
points of view in the context of some different categories in differential geometry. Recently, in
the category of complex analytic geometry and of the C∞–foliated category, a general study of
holomorphic Lie algebroids and of foliated Lie and Courant algebroids is due to [19, 20] and
[41, 42], respectively. Also, in the category of Banach geometry the study of Lie algebroids was
initiated in [1, 2] and some significant developments are given in [6]. On the other hand, the study
of Riemannian geometry of Lie algebroids is introduced and intensively studied in [4] and a first
treatment of (para) Ka¨hlerian Lie algebroids can be found in [21]. Other important structures as
symplectic, hypersymplectic or Poisson structures on Lie algebroids are studied, see for instance
[3, 16, 18].
The notion of almost complex Lie algebroids over almost complex manifolds was introduced in
[5] as a natural extension of the notion of an almost complex manifold to that of an almost complex
Lie algebroid. This generalizes the definition of an almost complex Poisson manifold given in [8],
where some examples are also given. In [5] this notion is used in order to obtain some cohomology
theories for skew-holomorphic Lie algebroids. Starting from the definition of an almost complex
Lie algebroid, [5], but also from the general interest in the study of Lie algebroids, we have to
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consider that a general study of almost complex geometry in the almost complex Lie algebroids
framework can be of some interest. However, for our purpose we will consider the almost complex
Lie algebroids over smooth manifolds, not necessarily almost complex.
The paper is organized as it follows. In the preliminary section we briefly recall some basic
facts about Lie algebroids. For more, see for instance [9, 11, 14, 24, 27, 37]. In the second section
we define almost complex Lie algebroids over smooth manifolds, we present some examples and we
obtain a Newlander-Nirenberg type theorem (Theorem 2.1). Also the particular case when the base
manifold is almost complex is discussed. In the third section we make a general approach about
almost Hermitian Lie algebroids and sectional curvature of Ka¨hlerian Lie algebroids over smooth
manifolds in relation with corresponding notions from the geometry of almost complex manifolds
[13, 44]. In particular we obtain a Schur type theorem for transitive Ka¨hlerian Lie algebroids
(Theorem 3.2). In the four section, the Hermitian metrics and linear connections compatible with
such metrics on the associated complex Lie algebroid are studied and we present the Levi-Civita
connection associated to such metrics. Also, we describe some E-Chern forms of E1,0 associated
to an almost complex connection ∇ on E in terms of the matrix JER, where JE is the almost
complex structure of E and R is the curvature of ∇ (Theorem 4.1). Finally, we consider a metric
product connection associated to an almost Hermitian Lie algebroid and a 2–form section for E0,1
similar to the second fundamental form of complex distributions is studied in our setting. In
particular, we prove that the mean curvature section of E0,1 vanishes and the second fundamental
2–form section of E0,1 vanishes iff the Lie algebroid is Hermitian (Corollary 4.2).
We notice that the present paper can be considered as an introduction of basic elements of
almost complex geometry in the almost complex Lie algebroids framework. Some of these notions
are continued in [36] where almost complex Poisson structures on almost complex Lie algebroids
are studied, but ohter problems related to almost complex geometry or complex (holomorphic)
geometry as for instance: Laplacians or vanishing theorems are still open in the framework of Lie
algebroids, as well as the study of anti-Hermitian (Ka¨hlerian) Lie algebroids. Also taking into
account the role of almost complex geometry in the study of almost contact geometry the present
notions can be useful in the study of almost contact or contact structures on Lie algebroids.
1.1 Basic notions on Lie algebroids
Definition 1.1. We say that p : E → M is an anchored vector bundle if there exists a vector
bundle morphism ρ : E → TM . The morphism ρ will be called the anchor map.
Definition 1.2. Let (E, p,M) and (E′, p′,M ′) be two anchored vector bundles over the same base
M with the anchors ρ : E → TM and ρ′ : E′ → TM . A morphism of anchored vector bundles
over M or a M–morphism of anchored vector bundles between (E, ρ) and (E′, ρ′) is a morphism
of vector bundles ϕ : (E, p,M)→ (E′, p′,M) such that ρ′ ◦ ϕ = ρ.
The anchored vector bundles over the same base M form a category. The objects are the
pairs (E, ρE) with ρE the anchor of E and a morphism φ : (E, ρE) → (F, ρF ) is a vector bundle
morphism φ : E → F which verifies the condition ρF ◦ φ = ρE .
Let p : E → M be an anchored vector bundle with the anchor ρ : E → TM and the induced
morphism ρE : Γ(E) → X (M). Assume there exists defined a bracket [·, ·]E on the space Γ(E)
that provides a structure of real Lie algebra on Γ(E).
Definition 1.3. The triplet (E, ρE , [·, ·]E) is called a Lie algebroid if
i) ρE : (Γ(E, [·, ·]E)→ (X (M), [·, ·]) is a Lie algebra homomorphism, that is
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ρE([s1, s2]E) = [ρE(s1), ρE(s2)];
ii) [s1, fs2]E = f [s1, s2]E + ρE(s1)(f)s2, for every s1, s2 ∈ Γ(E) and f ∈ C
∞(M).
A Lie algebroid (E, ρE , [·, ·]E) is said to be transitive, if ρE is surjective.
There exists a canonical cohomology theory associated to a Lie algebroid (E, ρE , [·, ·]E) over a
smooth manifold M . The space C∞(M) is a Γ(E)-module relative to the representation Γ(E) ×
C∞(M)→ C∞(M), (s, f) 7→ ρE(s)f .
Following the well-known Chevalley-Eilenberg cohomology theory [7], we can introduce a co-
homology complex associated to the Lie algebroid as follows. A p-linear mapping ω : Γ(E)× . . .×
Γ(E)→ C∞(M) is called a C∞(M)-valued p-cochain. Let Cp(E) denote the vector space of these
cochains. The operator dE : C
p(E)→ Cp+1(E) given by
dEω(s0, . . . , sr) =
r∑
i=0
(−1)iρE(si)(ω(s0, . . . , ŝi, . . . , sr))
+
r∑
i<j=1
(−1)i+jω([si, sj ]E , s0, . . . , ŝi, . . . , ŝj , . . . , sr)
(1.1)
for ω ∈ Cp(E) and s0, . . . , sp ∈ Γ(E), defines a coboundary since dE ◦dE = 0. Hence, (C
p(E), dE),
p ≥ 1 is a differential complex and the corresponding cohomology spaces are called the cohomology
groups of Γ(E) with coefficients in C∞(M). We notice that if ω ∈ Cp(E) is skew-symmetric and
C∞(M)-linear, then dEω also is skew-symmetric. From now on, the subspace of skew-symmetric
and C∞(M)-linear cochains of the space Cp(E) will be denoted by Ωp(E) and its elements will be
called p–forms on E. The Lie algebroid cohomology Hp(E) of (E, ρE , [·, ·]E) is the cohomology of
the subcomplex (Ωp(E), dE), p ≥ 1.
Definition 1.4. Let (E, ρE , [·, ·]E) and (E
′, ρE′ , [·, ·]E′) be two Lie algebroids overM . Amorphism
of Lie algebroids over M , is a morphism ϕ : (E, ρE)→ (E
′, ρE′) of anchored vector bundles with
property that:
dE ◦ ϕ
∗ = ϕ∗ ◦ dE′ , (1.2)
where ϕ∗ : Ωp(E′)→ Ωp(E) is defined by
(ϕ∗ω′)(s1, . . . , sp) = ω
′(ϕ(s1), . . . , ϕ(sp)), ω
′ ∈ Ωp(E′), s1, . . . , sp ∈ Γ(E).
We also say that ϕ is a M–morphism of Lie algebroids.
Alternatively, we say that ϕ : (E, ρE) → (E
′, ρE′) is a M–morphism of Lie algebroids if
ϕ ([s1, s2]E) = [ϕ(s1), ϕ(s2)]E′ , ∀ s1, s2 ∈ Γ(E).
The Lie algebroids over the same manifold M and all M–morphisms of Lie algebroids form
a category, which is, via a forgetful functor, a subcategory of the category of anchored vector
bundles over M .
If we consider (xi), i = 1, . . . , n a local coordinates system on U ⊂M and {ea}, a = 1, . . . ,m
a local basis of sections on the bundle E over U , where dimM = n and rankE = m, then (xi, ya),
i = 1, . . . , n, a = 1, . . . ,m are local coordinates on E. In a such local coordinates system, the
anchor ρE and the Lie bracket [·, ·]E are expressed by the smooth functions ρ
i
a and C
a
bc, namely
ρE(ea) = ρ
i
a
∂
∂xi
and [ea, eb]E = C
c
abec , i = 1, . . . , n, a, b, c = 1, . . . ,m. (1.3)
3
The functions ρia , C
a
bc ∈ C
∞(M) given by the above relations are called the structure functions
of Lie algebroid (E, ρE , [·, ·]E) in the given local coordinates system and their verify the following
relations:
ρja
∂ρib
∂xj
− ρjb
∂ρia
∂xj
= ρicC
c
ab , C
c
ab = −C
c
ba ,
∑
cycl(a,b,c)
(
ρia
∂Cdbc
∂xi
+ CeabC
d
ce
)
= 0. (1.4)
The equations (1.4) are called the structure equations of Lie algebroid (E, ρE , [·, ·]E).
1.2 Linear connections. Torsion and curvature
Definition 1.5. A linear connection on the Lie algebroid (E, ρE , [·, ·]E) over M , is a map ∇ :
Γ(E)× Γ(E)→ Γ(E), (s1, s2) 7→ ∇(s1, s2) := ∇s1s2 ∈ Γ(E) such that:
(1) ∇ is R–bilinear;
(2) ∇fs1s2 = f∇s1s2, for all f ∈ C
∞(M) and s1, s2 ∈ Γ(E);
(3) ∇s1(fs2) = (ρE(s1)f)s2 + f∇s1s2, for all f ∈ C
∞(M) and s1, s2 ∈ Γ(E).
Remark 1.1. A linear connection on a Lie algebroid (E, ρE , [·, ·]E) is in fact an E–connection in
the vector bundle E. See for instance [11] for the definition of an E-connection in a general vector
bundle F .
For every s1, s2 ∈ Γ(E), the section ∇s1s2 ∈ Γ(E) is called the covariant derivative of the
section s2 with respect to section s1. If {ea}, a = 1, . . . ,m a local basis of sections on E over
U ⊂ M then a linear connection ∇ on (E, ρE , [·, ·]E) is locally defined by a set of coefficient
functions Γcab ∈ C
∞(M) given by ∇eaeb = Γ
c
abec. Then for every sections s1, s2 ∈ Γ(E) locally
given by s1 = s
a
1ea, s2 = s
b
2eb, the covariant derivative of the section s2 with respect to section s1
is given by ∇s1s2 =
(
sa1ρ
i
a
∂sc2
∂xi
+ Γcabs
a
1s
b
2
)
ec.
If∇ is a linear connection on the Lie algebroid (E, ρE , [·, ·]E), the map T : Γ(E)×Γ(E)→ Γ(E)
defined by
T (s1, s2) = ∇s1s2 −∇s2s1 − [s1, s2]E , ∀ s1, s2 ∈ Γ(E), (1.5)
is called the torsion of ∇. We have that T defined above is a tensor of type (2, 1) on E which is
C∞(M)–bilinear and antisymmetric.
Also, for a given linear connection ∇ on the Lie algebroid (E, ρE , [·, ·]E) we consider the map
R : Γ(E) × Γ(E) × Γ(E) → Γ(E) , (s1, s2, s3) 7→ R(s1, s2, s3) = R(s1, s2)s3, where the section
R(s1, s2)s3 is defined by
R(s1, s2)s3 = ∇s1∇s2s3 −∇s2∇s1s3 −∇[s1,s2]Es3 , ∀ s1, s2, s3 ∈ Γ(E). (1.6)
It is easy to see that the map R is C∞(M)–linear in every argument and it is antisymmetric with
respect to the first two arguments, that is R(s1, s2, s3) = −R(s2, s1, s3) , ∀ s1, s2, s3 ∈ Γ(E). The
map R defined by (1.6) is called the curvature of the linear connection ∇.
Remark 1.2. A linear connection ∇ the Lie algebroid (E, ρE , [·, ·]E) can be viewed as a map
denoted again by ∇ from Γ(E) in Ω1(E) ⊗ Γ(E). More exactly, if {ea}, a = 1, . . . ,m is a local
basis for the sections of E, with respect to this basis, we can associate to the connection ∇ the
matrix θ = (θba), a, b = 1, . . . ,m with elements 1–forms on E such that ∇sea =
m∑
b=1
θba(s) ⊗ eb,
a = 1, . . . ,m. Similarly, for the curvature of ∇ we can associate in local basis {ea}, a = 1, . . . ,m
a matrix (Rba), a, b = 1, . . . ,m with elements 2–forms on E.
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We notice that for a given linear connection ∇ on a Lie algebroid the exterior derivative dE
can be usually expressed in terms of covariant derivative with respect to ∇ and torsion of ∇. Also
the usual Bianchi identities hold in the Lie algebroid framework, see for instance [11].
2 Almost complex Lie algebroids
In this section we define almost complex Lie algebroids over smooth manifolds, we present some
examples and we obtain a Newlander-Nirenberg type theorem. Also the particular case when the
base manifold is almost complex is discussed.
2.1 Basic definitions, examples and results
Let us consider a smooth manifold M , not necessarily almost complex, and a Lie algebroid
(E, ρE , [·, ·]E) over M such that rankE = 2m.
Definition 2.1. An almost complex structure JE on (E, ρE , [·, ·]E) is an endomorphism JE :
Γ(E) → Γ(E), over the identity, such that J2E = −idΓ(E) and a Lie algebroid (E, ρE , [·, ·]E , JE)
endowed with such a structure will be called an almost complex Lie algebroid.
Example 2.1. Let (M,J) be an almost complex manifold. Then its tangent bundle TM is an
almost complex Lie algebroid over M with anchor the identity of TM and with usual Lie bracket
of vector fields.
Example 2.2. Let (M,J, pi2,0) be an almost complex Poisson manifold, see [8]. Then (M,pi) is a
real Poisson manifold, where pi = pi2,0+pi2,0. Then
(
T ∗M,pi#, {·, ·}pi, J
∗
)
is an almost complex Lie
algebroid, where J∗ is the natural almost complex structure induced by J , pi# : Γ(T ∗M)→ Γ(TM)
is defined by pi#(α)(β) = pi(α, β) and {α, β}pi = Lpi#(α)β − Lpi#(β)α− dpi(α, β).
Example 2.3. (Complete lift to the prolongation of a Lie algebroid). For a Lie algebroid
(E, ρE , [·, ·]E) with rankE = m we can consider the prolongation of E, see [14, 29, 30], which
is a vector bundle pL : L
p(E) → E of rankLp(E) = 2m which has a Lie algebroid structure
over E. More exactly, Lp(E) is the subset of E × TE defined by Lp(E) = {(u, z) | ρE(u) =
p∗(z)}, where p∗ : TE → TM is the canonical projection. The projection on the second factor
ρLp(E) : L
p(E) → TE, given by ρLp(E)(u, z) = z will be the anchor of the prolongation Lie al-
gebroid
(
Lp(E), ρLp(E), [·, ·]Lp(E)
)
over E. For a smooth function f ∈ C∞(M) its complete and
vertical lift to E, f c and fv respectively, are given by f c(u) = ρE(u)f and f
v(u) = (f ◦ p)(u)
for every u ∈ E. According to [29, 30], we can consider the vertical lift sv and the complete
lift sc of a section s ∈ Γ(E) as sections of Lp(E) as follows. The local basis of Γ(Lp(E)) is
given by
{
Xa(u) =
(
ea(p(u)), ρ
i
a
∂
∂xi
|u
)
,Va =
(
0, ∂
∂ya
)}
, where
{
∂
∂xi
, ∂
∂ya
}
, i = 1, . . . , n = dimM ,
a = 1 . . . ,m = rankE, is the local basis on TE. Then, the vertical and complete lifts, respectively,
of a section s = saea ∈ Γ(E) are given by
sv = saVa , s
c = saXa +
(
ρE(ec)(s
a)− Cabcs
b
)
ycVa.
In particular, eva = Va and e
c
a = Xa − C
b
acy
cVb.
Now, if rankE = 2m and JE is an almost complex structure on the Lie algebroid (E, ρE , [·, ·]E),
then JcE is an almost complex structure on
(
Lp(E), ρLp(E), [·, ·]Lp(E)
)
(because one of the properties
of the complete lift is: for p(T ) a polynomial, then p(T c) = p(T )c), and moreover, JcEs
v = (JEs)
v
and JcEs
c = (JEs)
c.
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Example 2.4. Let us consider the prolongation Lie algebroid
(
Lp(E), ρLp(E), [·, ·]Lp(E)
)
over E
from Example 2.3. Let ∇ a linear connection on the Lie algebroid E (in particular a Riemannian
Lie algebroid (E, g) and the Levi-Civita connection, see the next section). Then, the connection
∇ leads to a natural decomposition of Lp(E) into vertical and horizontal subbundles, namely
Lp(E) = HLp(E) ⊕ V Lp(E), where V Lp(E) = span {Va} and HL
p(E) = span {Ha = Xa −
Γbacy
cVb}, where Γ
b
ac(x) are the local coefficients of the linear connection ∇. We notice that,
the above decomposition can be obtained also by a nonlinear (Ehresmann) connection, see for
instance [34]. The horizontal lift sh of a section s = saea ∈ Γ(E) to L
p(E) is locally given by
sh = saHa = s
a(Xa − Γ
b
acy
cVb).
Every section σ ∈ Γ(Lp(E)) can be written as σ = σh + σv, accordingly to previous decompo-
sition. Then a natural almost complex structure on Lp(E) is defined by
JLp(E) : Γ(L
p(E))→ Γ(Lp(E)) , JLp(E)(σ
h) = −σv , JLp(E)(σ
v) = σh
and
(
Lp(E), ρLp(E), [·, ·]Lp(E), JLp(E)
)
is an almost complex Lie algebroid over E.
Example 2.5. Let M be a differentiable manifold of dimension 2m + n endowed with a codi-
mension n foliation F (then the dimension of F is 2m). According to [10], the foliation F is
said to be complex if it can be defined by an open cover {Ui}, i ∈ I, of M and diffeomorphisms
φi : Ωi ×Oi → Ui (where Ωi is an open polydisc in C
m and Oi is an open ball in R
n) such that,
for every pair (i, j) ∈ I × I with Ui ∩ Uj 6= φ, the coordinate change
φij = φ
−1
j ◦ φi : φ
−1
i (Ui ∩ Uj)→ φ
−1
j (Ui ∩ Uj)
is of the form (z
′
, x
′
) = (φ1ij(z, x), φ
2
ij(x)) with φ
1
ij(z, x) holomorphic in z for x fixed.
If we set zk = uk + ivk, k = 1, . . . ,m, then the almost complex structure along the leaves
JF : TF → TF , is given by JF(
∂
∂uk
) = ∂
∂vk
, JF (
∂
∂vk
) = − ∂
∂uk
, k = 1, . . . ,m.
Then (TF , iF , [·, ·]F , JF ) is an almost complex Lie algebroid with anchor the inclusion iF :
TF → TM and the usual Lie bracket [·, ·]F of the vector fields tangent to F .
Example 2.6. (Direct product structure). The direct product of two Lie algebroids (E1, ρE1 , [·, ·]E1)
over M1 and (E2, ρE2 , [·, ·]E2) over M2 is defined in, [25] pg. 155, as a Lie algebroid structure
E1 ×E2 →M1 ×M2. Let us briefly recall this construction. The general sections of E1 ×E2 are
of the form s =
∑
(fi ⊗ s
1
i )⊕
∑
(gj ⊗ s
2
j), where fi, gj ∈ C
∞(M1 ×M2), s
1
i ∈ Γ(E1), s
2
j ∈ Γ(E2),
and the anchor map is defined by
ρE
(∑
(fi ⊗ s
1
i )⊕
∑
(gj ⊗ s
2
j)
)
=
∑
(fi ⊗ ρE1(s
1
i ))⊕
∑
(gj ⊗ ρE2(s
2
j)).
Imposing the conditions
[1⊗ s1, 1⊗ t1]E = 1⊗ [s
1, t1]E1 , [1⊗ s
1, 1⊗ t2]E = 0,
[1⊗ s2, 1⊗ t2]E = 1⊗ [s
2, t2]E2 , [1⊗ s
2, 1⊗ t1]E = 0,
for every s1, t1 ∈ Γ(E1) and s
2, t2 ∈ Γ(E2), it follows that for s =
∑
(fi ⊗ s
1
i ) ⊕
∑
(gj ⊗ s
2
j) and
s′ =
∑
(f ′k ⊗ s
′1
k ) ⊕
∑
(g′l ⊗ s
′2
l ), we have, using Leibniz condition, the following expression for
bracket on E = E1 × E2:
[s, s′]E =
(∑
fif
′
k ⊗ [s
1
i , s
′1
k ]E1 +
∑
fiρE1(s
1
i )(f
′
k)⊗ s
′1
k −
∑
f ′kρE1(s
′1
k )(fi)⊗ s
1
i
)
⊕
(∑
gjg
′
l ⊗ [s
2
j , s
′2
l ]E2 +
∑
gjρE2(s
2
j )(g
′
l)⊗ s
′2
l −
∑
g′lρE2(s
′2
l )(gj)⊗ s
2
j
)
.
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Now, if E1 and E2 are endowed with almost complex structures JE1 and JE2 , respectively, then
an almost complex structure JE on E = E1 × E2 can be defined by
JE(s) =
∑
(fi ⊗ JE1(s
1
i ))⊕
∑
(gj ⊗ JE2(s
2
j )). (2.1)
Complexifying the real vector bundle E we obtain the complex vector bundle EC := E⊗RC→
M and by extending the anchor map and the Lie bracket C–linearly, we obtain a complex Lie
algebroid (EC, [·, ·]E , ρE) with the anchor map ρE : Γ(EC) → Γ(TMC), that is, a homomorphism
of the complexified of corresponding Lie algebras, and [s1, fs2]E = f [s1, s2]E + ρE(s1)(f)s2, for
every s1, s2 ∈ Γ(EC) and f ∈ C
∞(M)C = C
∞(M) ⊗R C. Also, extending C–linearly the almost
complex structure JE , we obtain the almost complex structure JE on EC.
As usual, we have a splitting
EC = E
1,0 ⊕ E0,1
according to the eigenvalues ±i of JE on EC. We also have
Γ(E1,0) = {s− iJEs | s ∈ Γ(E)} , Γ(E
0,1) = {s+ iJEs | s ∈ Γ(E)}. (2.2)
Similarly, we have the splitting
E∗C := E
∗ ⊗R C = (E
1,0)∗ ⊕ (E0,1)∗
according to the eigenvalues ±i of J∗E on E
∗
C
, where J∗E is the natural almost complex structure
induced on E∗. We also have
Γ((E1,0)∗) = {ω − iJ∗Eω |ω ∈ Γ(E
∗)} , Γ((E0,1)∗) = {ω + iJ∗Eω |ω ∈ Γ(E
∗)}. (2.3)
We set
p,q∧
(E) =
p∧
(E1,0)∗ ⊗
q∧
(E0,1)∗ and Ωp,q(E) = Γ
(
p,q∧
(E)
)
.
Then, the differential dE of the complex Ω
•(E) =
⊕
p,q Ω
p,q(E) splits into the sum
dE = ∂
′
E + ∂E + ∂E + ∂
′′
E ,
where
∂′E : Ω
p,q(E)→ Ωp+2,q−1(E) , ∂E : Ω
p,q(E)→ Ωp+1,q(E),
∂E : Ω
p,q(E)→ Ωp,q+1(E) , ∂′′E : Ω
p,q(E)→ Ωp−1,q+2(E).
For an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) we can consider the Nijenhuis tensor
of JE defined by
NJE (s1, s2) = [JEs1, JEs2]E − JE [s1, JEs2]E − JE [JEs1, s2]E − [s1, s2]E , ∀ s1, s2 ∈ Γ(E). (2.4)
Proposition 2.1. If we consider {ea}, a = 1, . . . , 2m the dual basis of {ea}, a = 1, . . . , 2m, then
the Nijenhuis tensor NJE is locally defined by NJE = N
c
abec⊗ e
a⊗ eb, and its local coefficients are
given by
N cab = ρ
i
b
∂Jda
∂xi
Jcd − ρ
i
a
∂Jeb
∂xi
Jce + ρ
i
d
∂Jcb
∂xi
Jda − ρ
i
e
∂Jca
∂xi
Jeb
+JdaJ
c
eC
e
bd − J
d
b J
c
eC
e
ad + J
e
b J
d
aC
c
de − C
c
ab,
where JE = J
b
aeb ⊗ e
a is the local expression of the almost complex structure JE.
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Definition 2.2. An almost complex structure JE on the Lie algebroid (E, ρE , [·, ·]E) of rankE =
2m is called integrable if NJE = 0.
Now, using a standard procedure from almost complex geometry, [13, 15, 44], we can prove
the following Newlander-Nirenberg type theorem:
Theorem 2.1. For an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) over a smooth manifold
M the following assertions are equivalent:
(i) If s1, s2 ∈ Γ(E
1,0) then [s1, s2]E ∈ Γ(E
1,0);
(ii)) If s1, s2 ∈ Γ(E
0,1) then [s1, s2]E ∈ Γ(E
0,1);
(iii) dEΩ
1,0(E) ⊂ Ω2,0(E) + Ω1,1(E) and dEΩ
0,1(E) ⊂ Ω1,1(E)⊕ Ω0,2(E);
(iv) dEΩ
p,q(E) ⊂ Ωp+1,q(E) + Ωp,q+1(E);
(v) the real Nijenhuis NJE from (2.4) vanish, namely JE is integrable.
The above Newlander-Nirenberg type theorem says that for any integrable almost complex
structure JE on an almost complex Lie algebroid (E, ρE , [·, ·]E) we have the usual decomposition
dE = ∂E + ∂E .
From d2E = dE ◦ dE = 0 we obtain the following identities:
∂2E = ∂
2
E = ∂E∂E + ∂E∂E = 0. (2.5)
Hence, in this case we obtain a Dolbeault type Lie algebroid cohomology as the cohomology of
the complex (Ωp,•(E), ∂E).
Remark 2.1. In [5] the integrability of the almost complex structure JE is defined in order to
obtain a reduction to a holomorphic Lie algebroid which is equivalent to vanishing of a suitable
Nijenhuis tensor on E.
Example 2.7. Let (E′, ρE′ , [·, ·]E′) be a Lie algebroid over a base manifold M
′ and (E, ρE , [·, ·]E)
be a Lie subalgebroid. Let us denote as i : M → M ′ and I : E → E′′ = i∗E′ be the inclusions;
notice that i is an inclusion submanifold and I is the incusion of a vector subbundle over M .
Consider a projector Π in the fibers of E′′ such that the image of Π is E, i.e. Π (E′′) = E. A such
projector Π can be the ortogonal projection according to a Riemannian metric g′′ in the fibers of
E′′, that can be induced particularly by a metric g′′ in the fibers of E′. We can define an anchor
ρE′′ = ρE ◦Π : E
′′ → TM and a ρE′′–bracket
[s′′1 , s
′′
2 ]E′′ = [Π (s
′′
1 ) ,Π(s
′′
2)]E , ∀ s
′′
1 , s
′′
2 ∈ Γ (E
′′) . (2.6)
It is easy to check that (E′′, ρE′′ , [·, ·]E′′) is a Lie algebroid. Indeed, if s
′′
1 , s
′′
2 ∈ Γ (E
′′), then
ρE′′ ([s
′′
1 , s
′′
2 ]E′′) = ρE ◦Π([Π (s
′′
1) ,Π(s
′′
2)]E) = ρE([Π (s
′′
1 ) ,Π(s
′′
2)]E)
= [ρE ◦Π(s
′′
1 ) , ρE ◦Π(s
′′
2)]TM = [ρE′′ (s
′′
1) , ρE′′ (s
′′
2)]TM ,
where [·, ·]TM denotes the usual Lie bracket.
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Also,
∑
cycl.
[[s′′1 , s
′′
2 ]E′′ , s
′′
3 ]E′′ =
∑
cycl.
[[Π (s′′1 ) ,Π(s
′′
2 )]E ,Π(s
′′
3 )]E = 0, since [·, ·]E is a bracket of a
Lie algebroid.
If JE′ is an almost complex structure in the fibers of E
′, then its restriction to M gives an
almost complex structure JE′′ in the fibers of E
′′.
If s′′1 , s
′′
2 ∈ Γ (E
′′), then for every s′1, s
′
2 ∈ Γ (E
′) that extend s′′1 and s
′′
2 , respectively, then the
restriction of [s′1, s
′
2]E′ to M does not depend on the extensions and it defines a section in Γ (E
′′),
that we denote as [s′′1 , s
′′
2 ]
′
E′ ; it is not a bracket, but a restriction of [·, ·]E′ to M . We say that the
projection Π is flat if [Π (s′′1) ,Π(s
′′
2 )]E = Π([s
′′
1 , s
′′
2 ]
′
E′).
Let us suppose that the projection Π is flat. If JE′ is integrable and Π ◦ JE′′ = JE′′ ◦ Π then
JE′′ is integrable as well. Indeed,
NJE′′ (s
′′
1 , s
′′
2) = [JE′′s
′′
1 , JE′′s
′′
2 ]E′′ − [s
′′
1 , s
′′
2 ]E′′ − JE′′ [JE′′s
′′
1 , s
′′
2 ]E′′ − JE′′ [s
′′
1 , JE′′s
′′
2 ]E′′
= [ΠJE′′s
′′
1 ,ΠJE′′s
′′
2 ]E − [Πs
′′
1 ,Πs
′′
2 ]E − JE′′ [ΠJE′′s
′′
1 ,Πs
′′
2 ]E − JE′′ [Πs
′′
1 ,ΠJE′′s
′′
2 ]E
= Π([JE′′s
′′
1 , JE′′s
′′
2 ]
′
E′ − [s
′′
1 , s
′′
2 ]
′
E′ − JE′′ [JE′′s
′′
1 , s
′′
2 ]
′
E′ − JE′′ [s
′′
1 , JE′′s
′′
2 ]
′
E′)
= Π([JE′s
′
1, JE′s
′
2]E′ − [s
′
1, s
′
2]E′ − JE′ [JE′s
′
1, s
′
2]E′ − JE′ [s
′
1, JE′s
′
2]E′)|M
= NJE′ (s
′
1, s
′
2)|M = 0,
where s′′1 , s
′′
2 ∈ Γ (E
′′) are the restrictions to M of s′1, s
′
2 ∈ Γ (E
′) and we have used that NJE′ = 0.
An example of such a case is when the algebroids are the tangent spaces E = TS2n−1 ⊂ E′ =
TIR2n and Π is the orthogonal projection according to the euclidean metric (see [36]). It can
be easily proved that Π is flat, thus the canonical complex structure on IR2n gives an integrable
almost complex structure on the algebroid E = S2n−1 × IR2n. The anchor of E is the orthogonal
projection on the tangent hyperplane, along on S2n−1, and the bracket is given by a similar
formula (2.6).
We notice that in more situations in this paper we will consider the case when JE is integrable.
Let us consider now (E, ρE , [·, ·]E , JE) and (E
′, ρE′ , [·, ·]E′ , JE′) be two almost complex Lie
algebroids over a smooth manifold M .
A M–morphism ϕ of almost complex Lie algebroids is naturally extended by C–linearity to
ϕ : (EC, ρE , JE)→ (E
′
C
, ρE′ , JE′) over M and it is called almost complex if
ϕ ◦ JE = JE′ ◦ ϕ. (2.7)
Proposition 2.2. If ϕ : (E, ρE , JE) → (E
′, ρE′ , JE′) is a M–morphism of almost complex Lie
algebroids over M , then the following assertions are equivalent:
(i) If s1 ∈ Γ(E
1,0) then ϕ(s1) ∈ Γ(E
′1,0);
(ii) If s1 ∈ Γ(E
0,1) then ϕ(s1) ∈ Γ(E
′0,1);
(iii) If ω′ ∈ Ωp,q(E
′
) then ϕ∗ω′ ∈ Ωp,q(E), where
(ϕ∗ω′)(s1, . . . , sp, t1, . . . , tq) = ω
′(ϕ(s1), . . . , ϕ(sp), ϕ(t1), . . . , ϕ(tq))
for any s1, . . . , sp ∈ Γ(E
1,0) and t1, . . . , tq ∈ Γ(E
0,1).
(iv) The morphism ϕ is almost complex.
Proof. It follows using a standard argument from the almost complex geometry.
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If we consider {ea}, a = 1, . . . ,m be a local basis of Γ(E
1,0) and {eb = eb}, b = 1, . . . ,m be a
local basis of Γ(E0,1), then we have
[ea, eb]E = C
c
abec + C
c
abec , [ea, eb]E = C
c
ab
ec + C
c
ab
ec,
[ea, eb]E = C
c
abec + C
c
abec , [ea, eb]E = C
c
a b
ec + C
c
a b
ec,
where Cabc = C
a
b c
, Ccab = C
c
a b
, Ccab = C
c
ab
and Cc
ab
= Ccab, since [s1, s2]E = [s1, s2]E , for every
s1, s2 ∈ Γ(EC) and they are antisymmetric in below indices.
Remark 2.2. By Newlander-Nirenberg theorem, if JE is integrable then C
c
ab = C
c
a b
= 0.
Definition 2.3. Let (E, ρE , [·, ·]E , JE) be an almost complex Lie algebroid over M . A M -
diffeomorphism ϕ : (E, ρE , JE)→ (E, ρE , JE) such that ϕ◦JE = JE ◦ϕ is called an automorphism
of the almost complex structure JE .
Definition 2.4. A section s1 ∈ Γ(E) is called an infinitesimal automorphism of JE if and only if
[s1, JE(s2)]E − JE ([s1, s2]E) = 0, (2.8)
for any section s2 ∈ Γ(E).
It is easy to see that the set of all infinitesimal automorphisms of JE is a Lie subalgebra of the
Lie algebra of sections of E. Also, the following remarks hold:
Remark 2.3. If s1 is an infinitesimal automorphism of JE then
NJE (s1, s2) = [JE(s1), JE(s2)]E − JE([JE(s1), s2]E) , ∀ s2 ∈ Γ(E).
Remark 2.4. If NJE = 0 then s and JE(s) are simultaneously infinitesimal automorphisms of
JE .
Extending the Definition 2.4 for the sections of EC with respect to the almost complex JE on
EC, we obtain
Proposition 2.3. Let {ea}, a = 1, . . . ,m be a local basis of E
1,0. If all this sections are infinites-
imal automorhisms of JE on EC, then the sections {eb}, b = 1, . . . ,m, that give a local basis of
E0,1, are also infinitesimal automorphisms of JE on EC.
Proof. If {ea}, a = 1, . . . ,m are infinitesimal automorphisms of JE onEC, then from [ea, JE(eb)]E =
JE([ea, eb]E) we obtain C
c
ab = 0 and from [ea, JE(eb)]E = JE([ea, eb]E) we obtain C
c
ab
= 0.
Then, by conjugation, we have Cc
a b
= Ccab = 0 which implies [ea, JE(eb)]E = JE([ea, eb]E) and
[ea, JE(eb)]E = JE([ea, eb]E).
In the end of this subsection we prove that if JE is an integrable almost complex structure on
E then (E1,0, E0,1) is a matched pairs of complex Lie algebroids. The notion of matched pairs of
Lie algebroids was introduced in [23] and further studied [26, 32] and other authors.
Definition 2.5. A matched pair of Lie algebroids is a pair of (complex or real) Lie algebroids E1
and E2 over the same base manifold M , where E2 is an E1-module and E1 is an E2-module such
that the following identities hold:
[ρE1(s), ρE2(t)] = −ρE1 (∇ts) + ρE2(∇st), (2.9)
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∇s[t1, t2]E2 = [∇st1, t2]E2 + [t1,∇st2]E2 +∇∇t2st1 −∇∇t1st2, (2.10)
∇t[s1, s2]E1 = [∇ts1, s2]E1 + [s1,∇ts2]E1 +∇∇s2 ts1 −∇∇s1 ts2, (2.11)
where s, s1, s2 ∈ Γ(E1) and t, t1, t2 ∈ Γ(E2). Here ρE1 and ρE2 are the anchor maps of E1 and
E2, respectively, and ∇ denotes both E1-connection on E2 and E2-connection on E1, respectively
Γ(E1)× Γ(E2)→ Γ(E2) , (s, t) 7→ ∇st and Γ(E2)× Γ(E1)→ Γ(E1) , (t, s) 7→ ∇ts.
Let (E, ρE , [·, ·]E , JE) be an almost complex Lie algebroid over a smooth manifoldM such that
JE is integrable and EC = E
1,0 ⊕ E0,1 its complexification. We consider the natural projections
p1,0 : EC → E
1,0 and p0,1 : EC → E
0,1 from EC onto E
1,0 and E0,1, respectively, given by
p1,0 =
1
2
(IE − iJE) , p
0,1 =
1
2
(IE + iJE). (2.12)
We have
Proposition 2.4. If (E, ρE , [·, ·]E , JE) is an almost complex Lie algebroid over a smooth manifold
M such that JE is integrable then (E
1,0, E0,1) is a matched pair, where the actions are given by
∇s0,1s
1,0 = p1,0
[
s0,1, s1,0
]
E
and ∇s1,0s
0,1 = p0,1
[
s1,0, s0,1
]
E
for every s1,0 ∈ Γ(E1,0) and s0,1 ∈ Γ(E0,1).
Proof. It is sufficient to verify the Definition 2.5 in the local bases {ea}, a = 1 . . . ,m of Γ(E
1,0)
and {ea}, a = 1 . . . ,m of Γ(E
0,1). If JE is integrable we have C
c
ab = C
c
a b
= 0. Let us consider
ρ1,0 : E1,0 → TCM , ρ
0,1 : E0,1 → TCM given by
ρ1,0 =
1
2
(ρE − iρE ◦ JE) , ρ
0,1 =
1
2
(ρE + iρE ◦ JE), (2.13)
and [·, ·]1,0 : Γ(E1,0)× Γ(E1,0)→ Γ(E1,0), [·, ·]0,1 : Γ(E0,1)× Γ(E0,1)→ Γ(E0,1) given by
[·, ·]1,0 =
1
2
([·, ·]E − iJE ◦ [·, ·]E) , [·, ·]
0,1 =
1
2
([·, ·]E + iJE ◦ [·, ·]E). (2.14)
Then locally, we have
ρ1,0(ea) = ρE(ea) , ρ
0,1(ea) = ρE(ea) , [ea, eb]
1,0 = [ea, eb]E , [ea, eb]
0,1 = [ea, eb]E (2.15)
and using the Lie algebroid structure of E it follows that
(
E1,0, ρ1,0, [·, ·]1,0
)
and
(
E0,1, ρ0,1, [·, ·]0,1
)
are complex Lie algebroids over M .
Now, the fact that (E1,0, E0,1) is matched pair follows by direct verification of the Definition
2.5 in the local bases {ea} and {ea}, where for (2.10) and (2.11) we use the Jacobi identity∑
(a,b,c)
[
ea,
[
eb, ec
]
E
]
E
= 0 and its conjugate.
2.2 Almost complex Lie algebroids over almost complex manifolds
In [5] is given the definition of almost complex Lie algebroids over almost complex manifolds,
which generalizes the definition of almost complex Poisson manifolds, see [8]. In this subsection
we consider the almost complex Lie algebroids over almost complex manifolds and in the particular
case when the base manifold is complex, we describe some properties of the structure functions of
the associated complex Lie algebroid.
Consider M a 2n–dimensional almost complex manifold with an almost complex structure
JM : Γ(TM)→ Γ(TM) and (E, ρE , [·, ·]E) be a Lie algebroid over M with rankE = 2m.
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Definition 2.6. [5] An almost complex structure JE on (E, ρE , [·, ·]E) is an endomorphism JE :
Γ(E)→ Γ(E) such that J2E = −idΓ(E) and JM ◦ ρE = ρE ◦ JE .
A real Lie algebroid (E, ρE , [·, ·]E) endowed with such a structure will be called almost complex
Lie algebroid over (M,JM ).
We notice that by the relation ρE ◦ JE = JM ◦ ρE the complexified anchor map ρE : Γ(EC)→
Γ(TMC) has the properties: ρE(E
1,0) ⊂ Γ(T 1,0M) and ρE(E
0,1) ⊂ Γ(T 0,1M), where TMC =
T 1,0M ⊕ T 0,1M is the complexified of the real tangent bundle TM , and T 1,0M = span {Zi} and
T 0,1M = span {Zi} are the tangent bundles of complex vector of type (1, 0) and of type (0, 1),
respectively. Then we can write
ρE(ea) = ρ
i
a(z)Zi , ρE(ea) = ρ
i
a(z)Zi,
where {ea}, a = 1, . . . ,m is a local basis of Γ(E
1,0) and {eb = eb}, b = 1, . . . ,m is a local basis of
Γ(E0,1).
If (M,JM ) is a complex manifold, then we can consider the complex coordinates (z
1, . . . , zn)
on M and then T 1,0M = span { ∂
∂zi
} and T 0,1M = span { ∂
∂zi
} are the holomorphic and antiholo-
morphic tangent subbundles, respectively. Then, the above relations becomes
ρE(ea) = ρ
i
a(z)
∂
∂zi
, ρE(ea) = ρ
i
a(z)
∂
∂zi
.
Proposition 2.5. If (M,JM ) is a complex manifold, then the structure functions of the complex
Lie algebroid (EC, [·, ·]E , ρE) over (M,JM ) satisfy the following relations:
ρja
∂ρib
∂zj
− ρjb
∂ρia
∂zj
= ρicC
c
ab , C
c
abρ
i
c = 0 , C
c
ab
ρic = −ρ
j
b
∂ρia
∂zj
, Cc
ab
ρic = ρ
j
a
∂ρi
b
∂zj
,
ρ
j
a
∂ρi
b
∂zj
− ρj
b
∂ρia
∂zj
= ρicC
c
a b
, Cc
a b
ρic = 0 , C
c
abρ
i
c = −ρ
j
b
∂ρia
∂zj
, Ccabρ
i
c = ρ
j
a
∂ρib
∂zj
.
Proof. Follows by direct calculations in the relation ρE ([ea, eb]E) = [ρE(ea), ρE(b)] and similarly
for the other sections of EC.
Remark 2.5. Taking into account the relations ρE◦JE = JM◦ρE and ρE([s1, s2]E) = [ρE(s1), ρE(s2)]
we obtain
ρE (NJE (s1, s2)) = NJM (ρE(s1), ρE(s2)), (2.16)
which says that if the almost complex Lie algebroid (E, ρE , [·, ·]E , JE) over (M,JM ) is transitive
and JE is integrable then JM is integrable, that is M is a complex manifold.
It is well known, see [33, 41], that there is an one-to-one correspondence between Lie algebroid
structures on the vector bundle p : E → M and specific Poisson structures on the total space
of the corresponding dual bundle E∗ → M , called the dual Poisson structures, defined by the
following brackets of basic and fiber-linear functions (with respect to foliation by fibres of E∗):
{p∗f1, p
∗f2} = 0 , {p
∗f, ls} = −p
∗(ρE(s)f) , {ls1 , ls2} = l[s1,s2]E , (2.17)
where f, f1, f2 ∈ C
∞(M), s, s1, s2 ∈ Γ(E) and ls is the evaluation of the fiber of E
∗ on s. If (xi)
are local coordinates on M and (ζa) are the fiber coordinates on E
∗ with respect to the dual of a
local basis {ea} of sections of E, then the corresponding Poisson bivector field is given by
Λ =
1
2
Cabcζa
∂
∂ζb
∧
∂
∂ζc
+ ρib
∂
∂ζb
∧
∂
∂xi
. (2.18)
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Conversely, formulas (2.18) together with (1.3) produce an anchor ρE and a bracket [·, ·]E and the
Poisson condition [Λ,Λ] = 0 implies the Lie algebroid axioms.
Now if (M,JM ) is an almost complex manifold with dimM = 2n and (E, JE) is an almost
complex Lie algebroid over (M,JM ), rankE = 2m, then the total space of E
∗ has a natural
structure of almost complex manifold with almost complex structure J induced naturally by
JM and JE . In this case, the real Poisson bivector field Λ from (2.18) admits the decomposition
Λ = Λ2,0+Λ1,1+Λ2,0, according to bigraduation Vr(E∗,J ) =
⊕
p+q=r V
p,q(E∗,J ) of multivector
fields on (E∗,J ). A natural question to ask is if Λ2,0 ∈ V2,0(E∗,J ) defines an almost complex
Poisson structure on (E∗,J ), that is [Λ2,0,Λ2,0] = 0 and [Λ2,0,Λ2,0] = 0. If Λ1,1 = 0 then it is
true when J is integrable or otherwise, if moreover the real bivector field Λ′ = i(Λ2,0 − Λ2,0) is
also real Poisson, (see Proposition 3.2 from [8]).
3 Almost Hermitian Lie algebroids
In this section we make a general approach about almost Hermitian Lie algebroids and sectional
curvature of Ka¨hlerian Lie algebroids over smooth manifolds in relation with corresponding notions
from the geometry of almost complex manifolds.
Firstly we notice that if the vector bundle (E, p,M) is endowed with a Riemannian met-
ric g then, according to [4, 9], there exists an unique linear connection D in the Lie algebroid
(E, ρE , [·, ·]E) such that D is compatible with g and it is torsion free. It is given by the formula
2gE(Ds1s2, s3) = ρE(s1)(gE(s2, s3)) + ρE(s2)(gE(s1, s3))− ρE(s3)(gE(s1, s2))
+gE([s3, s1]E , s2) + gE([s3, s2]E , s1) + gE([s1, s2]E , s3).
(3.1)
and its local coefficients are given by
Γabc =
1
2
gad (ρE(eb)(gcd) + ρE(ec)(gbd)− ρE(ed)(gbc) + C
e
dcgeb + C
e
dbgec − C
e
bcged) , (3.2)
where gab = g(ea, eb) and (g
ba) is the inverse matrix of (gab). The connection D given by (3.1) is
called the Levi-Civita connection of (E, ρE , [·, ·]E) endowed with a Riemannian metric g.
In the following we consider an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) over a smooth
manifold M .
Definition 3.1. A Hermitian metric on an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) is a
Riemannian metric g on E invariant by JE , that is
g(JE(s1), JE(s2)) = g(s1, s2) , ∀ s1, s2 ∈ Γ(E) (3.3)
and an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) endowed with a Hermitian metric g is
called almost Hermitian Lie algebroid and denote (E, ρE , [·, ·]E , JE , g). Moreover if NJE = 0 then
it is called Hermitian Lie algebroid.
We notice that if an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) admits a Riemannian met-
ric g, then a Hermitian metric onE can be usually defined by h(s1, s2) = g(s1, s2)+g(JE(s1), JE(s2))
for every s1, s2 ∈ Γ(E).
Example 3.1. The complete lift gc to Lp(E) of almost Hermitian metric g on E is defined by
gc(sc1, s
c
2) = (g(s1, s2))
c, and it is easy to see that gc(JcE(s
c
1), J
c
E(s
c
2)) = g
c(sc1, s
c
2), that is g
c is
almost Hermitian metric on Lp(E) too with respect to JcE . Furthermore, since
[sv1, s
v
2]Lp(E) = 0 , [s
v
1, s
c
2]Lp(E) = [s1, s2]
v
E , [s
c
1, s
c
2]Lp(E) = [s1, s2]
c
E ,
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see [28], it follows NJc
E
= (NJE )
c. Thus (E, ρE , [·, ·]E , JE , g) is a Hermitian Lie algebroid iff
(Lp(E), ρLp(E), [·, ·]Lp(E), J
c
E , g
c) is also Hermitian.
Example 3.2. Let us consider the almost complex Lie algberoid
(
Lp(E), ρLp(E), [·, ·]Lp(E), JLp(E)
)
from Example 2.4. Then, we can define the Sasaki type metric gLp(E) on L
p(E) by
gLp(E)(s
h
1 , s
h
2 ) = gLp(E)(s
v
1, s
v
2) = (gE(s1, s2))
v , gLp(E)(s
h
1 , s
v
2) = 0,
for every s1, s2 ∈ Γ(E) and it is easy to see that this metric is Hermitian with respect to JLp(E).
Moreover since the Levi-Civita connection of the Riemannian metric g on E is torsion free, then
JLp(E) is integrable iff the horizontal bundle HL
p(E) is integrable.
Example 3.3. If (E1, ρE1 , [·, ·]E1 , JE1 , g1) and (E2, ρE2 , [·, ·]E2 , JE2 , g2) are two almost Hermitian
Lie algebroids then the metric
g
((∑
(fi ⊗ s
1
i )⊕
∑
(gj ⊗ s
2
j)
)
,
∑
(f ′k ⊗ s
′1
k )⊕
∑
(g′l ⊗ s
′2
l )
)
=
∑
fif
′
k ⊗ g1(s
1
i , s
′1
k )⊕
∑
gjg
′
l ⊗ g2(s
2
j , s
′2
l )
is a Hermitian metric on the almost complex Lie algebroid given by direct product E = E1 × E2
from Example 2.6 with respect to almost complex structure JE given by (2.1).
A Hermitian metric g on an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) defines a 2–form
Φ ∈ Ω2(E) by
Φ(s1, s2) = g(s1, JE(s2)) , s1, s2 ∈ Γ(E). (3.4)
Indeed, is easy to see that Φ(s1, s2) = −Φ(s2, s1). Since g is invariant with respect to JE we
obtain that Φ is also invariant by JE , namely Φ(JE(s1), JE(s2)) = Φ(s1, s2).
Since the Hermitian metric g is a particular case of a Riemannian metric on an almost complex
Lie algebroid (E, ρE , [·, ·]E , JE), we can consider the associated Levi-Civita connection.
Using the calculus on Lie algebroids, by a similar argument as in geometry of almost Hermitian
manifolds we have:
Proposition 3.1. Let (E, ρE , [·, ·]E , JE , g) be an almost Hermitian Lie algebroid, NJE the Nijen-
huis tensor of JE, Φ the 2-form associated to g and D the Levi-Civita connection associated to g.
Then
2g((Ds1JE)s2, s3) = dEΦ(s1, JE(s2), JE(s3))− dEΦ(s1, s2, s3) + g(NJE (s2, s3), JE(s1)) (3.5)
for every s1, s2, s3 ∈ Γ(E).
Definition 3.2. A linear connection ∇ on an almost complex Lie algebroid (E, ρE , [·, ·]E , JE) is
called almost complex connection if the covariant derivative of JE with respect to ∇ vanishes, that
is
(∇s1JE)s2 = ∇s1(JEs2)− JE(∇s1s2) = 0 , ∀ s1, s2 ∈ Γ(E). (3.6)
The Proposition 3.1 says that the Levi-Civita connection of an almost Hermitian Lie algebroid
is not an almost complex one. But, using also the Proposition 3.1 we can prove
Theorem 3.1. Let (E, ρE , [·, ·]E , JE , g) be an almost Hermitian Lie algebroid. The following
conditions are equivalent:
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i) the Levi-Civita connection is an almost complex connection;
ii) the almost complex structure JE is integrable and the associated 2–form Φ is dE–closed.
Remark 3.1. When JE is integrable then Φ is dE–closed if and only if the Levi-Civita connection
is almost complex.
Definition 3.3. An almost Hermitian Lie algebroid (E, ρE , [·, ·]E , JE , g) is said to be almost
Ka¨hlerian if the fundamental 2–form Φ is dE–closed and, if moreover the almost complex structure
JE is integrable then it is said to be Ka¨hlerian.
Example 3.4. Let us consider the Hermitian Lie algebroid (Lp(E), ρLp(E), [·, ·]Lp(E), J
c
E , g
c) from
Example 3.1 associated to a given Hermitian Lie algebroid (E, ρE , [·, ·]E , JE , g). As usual for
tangent bundle case, see [45], the complet lift of the Levi-Civita D of g is defined by Dcsc1s
c
2 =
(Ds1s2)
c and it is the Levi-Civita connection of gc on Lp(E). Now it is easy to see that if
DJE = 0 then D
cJcE = 0 which says that (E, ρE , [·, ·]E , JE , g) is a Ka¨hlerian Lie algebroid iff
(Lp(E), ρLp(E), [·, ·]Lp(E), J
c
E , g
c) is also Ka¨hlerian.
Remark 3.2. Since a Hermitian metric g on an almost complex Lie algebroid is a particular case
of a Riemannian metric it is nondegenerated. On the other hand the almost complex structure
JE is also nondegenerated, hence the associated 2–form Φ is nondegenerated on E. Thus, every
almost complex Lie algebroid admits a structure of almost symplectic Lie algebroid [16] and a
nondegenerate Poisson structure [36].
Let us consider now a Ka¨hlerian Lie algebroid (E, ρE , [·, ·]E , JE , g) over a smooth manifold M ,
D the associated Levi-Civita connection and R its curvature tensor.
The Riemann curvature tensor of the Ka¨hlerian Lie algebroid (E, ρE , [·, ·]E , JE , g) is usually
defined as a 4–linear map R : Γ(E)× Γ(E)× Γ(E)× Γ(E)→ C∞(M) given by
R(s1, s2, s3, s4) = g(R(s3, s4)s2, s1).
The standard properties of this map follows the classical ones from Ka¨hlerian geometry. Also the
sectional curvature of a Ka¨hlerian Lie algebroid can be introduced as follows:
For every x ∈ M and a given 2–plane P of Ex (2-dimensional space in Ex) we define the
function K(P ) by K(P ) = R(s1, s2, s1, s2), where {s1, s2} is an orthonormal frame in P .
We will consider the restriction of K to all 2–planes from Ex which are invariant by JE , that
is, for every section s ∈ Ex we have JE(s) ∈ Ex.
Definition 3.4. For a given Ka¨hlerian Lie algebroid (E, ρE , [·, ·]E , JE , g), the sectional curvature
of E in direction of the JE invariant 2–plane P is defined as usual by
K(P ) =
R(s1, s2, s1, s2)
g(s1, s1)g(s2, s2)− g2(s1, s2)
and is called the holomorphic sectional curvature in direction of P of (E, ρE , [·, ·]E , JE , g). The
restriction of sectional curvature to all JE invariant 2-planes P , is called holomorphic sectional
curvature of (E, ρE , [·, ·]E , JE , g).
For a given JE invariant 2–plane P , we can consider orthonormal frames of the form {s, JE(s)},
where s are unitary sections in Ex. Then the holomorphic sectional curvature is then given by
K(P ) = R(s, JE(s), s, JE(s))
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and the Riemann curvature tensor of a Ka¨hlerian Lie algebroid (E, ρE , [·, ·]E , JE , g) is completely
determined by the holomorphic sectional curvature defined for all JE invariant planes.
If the function K is constant for all JE invariant 2–planes from Ex and for every x ∈M then
the Ka¨hlerian Lie algebroid (E, ρE , [·, ·]E , JE , g) is said to be of constant holomorphic sectional
curvature.
We have the following Schur type theorem:
Theorem 3.2. Let (E, ρE , [·, ·]E , JE , g) be a Ka¨hlerian transitive Lie algebroid with rankE =
2m ≥ 4. If the holomorphic sectional curvature depends only of x ∈ M (it is independent of the
JE-invariant 2-plane P ) then (E, ρE , [·, ·]E , JE , g) is of constant holomorphic sectional curvature.
Proof. Follows in the same manner as in Schur theorem for Ka¨hler manifolds.
Remark 3.3. If the hypothesis of the theorem does not make the assumption that the anchor is
surjective, then the real function given by the sectional curvature is constant on every leaf of the
singular foliation of the Lie algebroid.
4 Hermitian metrics on the associated complex Lie alge-
broid and some related structures
In this section the Hermitian metrics and linear connections compatible with such metrics on the
associated complex Lie algebroid are studied and we present the Levi-Civita connection associated
to a such metric. Also, we describe some E-Chern forms of E1,0 associated to an almost complex
connection ∇ on E. Finally, we consider a metric product connection associated to an almost
Hermitian Lie algebroid and a 2–form section for E0,1 similar to the second fundamental form of
complex distributions is studied in our setting.
4.1 Linear connections compatible with Hermitian metrics on the asso-
ciated complex Lie algebroid (EC, ρE, [·, ·]E)
A linear connection ∇ on the almost complex Lie algebroid (E, ρE , [·, ·]E , JE) over a smooth
manifoldM extend by C-linearity to a connection on the complexified Lie algebroid (EC, ρE , [·, ·]E),
[43], as follows:
(1) ∇ is C–bilinear;
(2) ∇fs1s2 = f∇s1s2, for all f ∈ C
∞(M)C and s1, s2 ∈ Γ(EC);
(3) ∇s1(fs2) = (ρE(s1)f)s2 + f∇s1s2, for all f ∈ C
∞(M)C and s1, s2 ∈ Γ(EC).
If {ea}, a = 1, . . . ,m is a local basis of E
1,0 and {ea}, a = 1, . . . ,m is a local basis of E
0,1,
then a linear connection ∇ on the complex Lie algebroid (EC, ρE , [·, ·]E) is locally given by
∇eaeb = Γ
c
abec + Γ
c
abec , ∇eaeb = Γ
c
ab
ec + Γ
c
ab
ec,
∇eaeb = Γ
c
abec + Γ
c
abec , ∇eaeb = Γ
c
a b
ec + Γ
c
a b
ec.
By C–linearity condition it follows that ∇ satisfies ∇s1s2 = ∇s1s2, hence we get
Γcab = Γ
c
a b
, Γc
ab
= Γcab , Γ
c
ab = Γ
c
ab
, Γcab = Γ
c
a b
.
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On the other hand we have JE(ea) = iea and JE(eb) = ieb, thus ∇ is almost complex if and only if
Γcab = Γ
c
ab = Γ
c
ab
= Γc
a b
= 0. Indeed, from ∇eaJE(eb) = JE(∇ebeb) we obtain Γ
c
ab = 0. Similarly,
we get the vanishing of the others coefficients. Thus, in this case we have
∇eaeb = Γ
c
abec , ∇eaeb = Γ
c
ab
ec , ∇eaeb = Γ
c
abec , ∇eaeb = Γ
c
a b
ec,
which says that an almost complex connection on EC preserves the distributions of JE .
If we consider a Hermitian metric g on the almost complex Lie algebroid (E, ρE , [·, ·]E , JE)
over a smooth manifold M , then we can naturally extend it to a Hermitian metric on the complex
Lie algebroid (EC, ρE , [·, ·]E).
Remark 4.1. If Φ is the associated fundamental 2–form, as usual we can prove that Φ ∈ Ω1,1(E).
Remark 4.2. Let {e1, . . . , em} a basis of E
1,0 over C and {e1, . . . , em} its dual basis on (E1,0)∗
such that {e1, . . . , em} is a basis of E
0,1 over C and {e1, . . . , em} is the dual basis on (E0,1)∗. If
we denote by gab = g(ea, eb), a, b = 1, . . . ,m then gab = gba and Φ = −i
m∑
a,b=1
gabe
a ∧ eb, where the
exterior product is that in Lie algebroids framework, see [27].
Similarly to Riemannian Lie algebroids case, we have
Definition 4.1. A linear connection on the complex Lie algebroid (EC, ρE, [·, ·]E) over M is said
to be compatible with the Hermitian metric g on EC if ∇sg = 0, ∀ s ∈ Γ(EC), that is, for every
two sections s1, s2 ∈ Γ(EC) we have
(∇sg)(s1, s2) = ρE(s)(g(s1, s2))− g(∇ss1, s2)− g(s1,∇ss2) = 0. (4.1)
Proposition 4.1. The curvature R of a linear connection ∇ on (EC, ρE , [·, ·]E) over M , which is
compatible with the Hermitian metric g on EC, satisfies
g(R(s1, s2)s, s
′
) = −g(R(s1, s2)s
′
, s) , ∀ s, s
′
s1, s2 ∈ Γ(EC).
Proof. Follows by direct calculation, using the relation (4.1).
Remark 4.3. If {ea}, a = 1, . . . ,m is a local orthonormal frame on EC, the matrix of curvature
2–forms (Rba) with respect to this frame has the property R
b
a(s1, s2) = −R
a
b (s1, s2) or R = −R
t
in matrix notation.
In the following of this subsection we describe the Levi-Civita connection on complex Lie
algebroid (EC, ρE , [·, ·]E , g) over M , when (E, ρE , [·, ·]E , JE , g) is almost Hermitian or Ka¨hlerian.
Let us put gab = g(ea, eb) and g(ea, eb) = g(ea, eb) = 0. Then, we have
Proposition 4.2. Let (E, ρE , [·, ·]E , JE , g) be an almost Hermitian Lie algebroids over M . Then
the local coefficients of the Levi-Civita connection on the associated Hermitian complex Lie alge-
broid (EC, ρE , [·, ·]E , g) are given by
Γdab =
1
2
gcd
(
ρE(ea)(gbc) + ρE(eb)(gac) + C
e
abgec − C
e
bcgae + C
e
cagbe
)
,
Γd
ab
=
1
2
gcd
(
ρE(eb)(gac)− ρE(ec)(gab) + C
e
ab
gec − C
e
b c
gae + C
e
cageb
)
,
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Γdab =
1
2
gcd
(
ρE(ea)(gbc)− ρE(ec)(gba) + C
e
abgec − C
e
bcgea + C
e
c agbe
)
,
Γdab =
1
2
gdc
(
Ceabgce − C
e
bcgae + C
e
cagbe
)
,
and their conjugates, where (gba) is the inverse matrix of (gab).
Proof. Follows by direct calculus, taking in the formula (3.1) which gives the Levi-Civita con-
nection, the following combinations: s1 = ea, s2 = eb, s3 = ec, s1 = ea, s2 = eb, s3 = ec,
s1 = ea, s2 = eb, s3 = ec and s1 = ea, s2 = eb, s3 = ec, respectively.
Corollary 4.1. If the almost complex Lie algebroid (E, ρE , [·, ·]E , JE , g) over M is Ka¨hlerian
then the possible nonzero coefficients of the Levi-Civita connection on the associated complex Lie
algebroid (EC, ρE , [·, ·]E , g) are
Γdab = g
cd
(
ρE(ea)(gbc) + C
e
cagbe
)
, Γdab = C
d
ab.
Proof. Since (E, ρE , [·, ·]E , g) is Ka¨hlerian, we have that JE is integrable and dEΦ = 0. Then from
Newlander-Nirenberg theorem we have Ccab = 0 and then Γ
d
ab = 0. Also, we have
0 = idEΦ =
(
ρE(ec)(gab)− ρE(ea)(gcb)− C
d
cagdb − C
d
cb
gad + C
d
ab
gcd
)
ec ∧ ea ∧ eb
+
(
ρE(ec)(gab)− ρE(eb)(gac)− C
d
cagdb − C
d
c b
gad − C
d
ab
gdc
)
ec ∧ ea ∧ eb
which implies
ρE(eb)(gac) = ρE(ea)(gbc) + C
d
bagdc + C
d
bcgad − C
d
acgbd,
ρE(eb)(gac) = ρE(ec)(gab)− C
d
cagdb − C
d
c b
gad − C
d
ab
gdc.
Now, replacing the above relations in the expression of coefficients of Levi-Civita connection we
get
Γdab = g
cd
(
ρE(ea)(gbc) + C
e
cagbe
)
, Γd
ab
= 0 , Γdab = C
d
ab.
which ends the proof.
Also, by direct calculus, we have
Proposition 4.3. If the almost complex Lie algebroid (E, ρE , [·, ·]E , JE , g) over M is Ka¨hlerian
then the nonzero curvatures of the Levi-Civita connection on the associated complex Lie algebroid
(EC, ρE , [·, ·]E , g) are
Rdab,c = ρE(ea)(Γ
d
bc)− ρE(eb)(Γ
d
ac) + Γ
e
bcΓ
d
ae − Γ
e
acΓ
d
be − C
e
abΓ
d
ec,
Rd
ab,c
= ρE(ea)(Γ
d
b c
)− Ce
ab
Γde c, R
d
a b,c
= Rdab,c , R
d
ab,c
= −Rdba,c,
where we have put R(ea, eb)ec = R
d
ab,ced and similarly for the other components of curvature.
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Remark 4.4. In [21] the (complex) para-Ka¨hlerian Lie algebroid is defined as a (complex)
symplectic Lie algebroid (E,ω) with a splitting E = E1,0 ⊕ E0,1 as the direct sum a two po-
larizations, where a polarization of (E,ω) means a lagrangian subalgebroid of E, i.e. a sub-
bundle which is closed under brackets and maximal isotropic with respect to ω. Then for
a para-Ka¨hlerian Lie algebroid is proved that there is a unique torsion-free E–connection ∇
on E (called para-Ka¨hlerian connection), for which covariant differentiation leaves the para-
Ka¨hler structure invariant, i.e. for every s1, s2, s3 ∈ Γ(E), ∇s1 leaves the splitting invariant,
and ρE(s1)(ω(s2, s3)) = ω(∇s1s2, s3) + ω(s2,∇s1s3). The curvature of this connection is in(
(E1,0)∗ ∧ (E0,1)∗
)
⊗ End(E).
4.2 Chern forms of E1,0 associated to an almost complex connection
There exists a general construction of characteristic classes of a Lie algebroid E [11], which mimics
the Chern-Weil theory. More exactly, if we take a vector bundle F → M of rank r and ∇ :
Γ(E) × Γ(F ) → Γ(F ) an E-connection on F , as well as we seen, the curvature operator of ∇
denoted by R∇ is a F ⊗ F
∗-valued E-form section of degree 2. Let us consider Ik(Gl(r,R)) the
space of real, ad-invariant, symmetric, k-multilinear functions on the Lie algebra gl(r,R). Then
for every φ ∈ Ik(Gl(r,R)) the 2k-forms on E given by φ(R∇) = φ(R∇, . . . , R∇) ∈ Ω
2k(E) are
dE-closed, called the E-Chern forms of order k of F , and their define the E-cohomology classes
[φ(R∇)] ∈ H
2k(E) which are the E-principal characteristic classes of order k of F , called also
the E-Chern classes of F . The characteristic classes are spanned by the classes [ck(R∇)], where
ck(R∇) is the sum of the principal minors of order k in det(R∇ − λI), and do not depend on the
choice of the connection ∇.
In this subsection, following some ideas from [31], we use a real representation of an almost
complex Lie algebroid (E, ρE , [·, ·]E , JE) to get some real dE-closed forms on E such that their
E-cohomology classes generate the E-Chern ring of the complex vector bundle E1,0. These forms
are obtained using the almost complex structure JE on E and the curvature forms of a (real)
almost complex connection on E. These forms are called E-Chern forms of E1,0 associated to ∇.
Let ∇ be an almost complex connection on the almost complex Lie algebroid (E, ρE , [·, ·]E , JE).
Then as well as we seen ∇ can be usually extended to a connection ∇C on EC and the property
∇JE = 0 of ∇ implies that the covariant derivatives of the sections of E
1,0 are also section in E1,0.
We also consider {ea, JE(ea)}, a = 1, . . . ,m be a local frame for the sections of E over U ⊂ M ,
and for a better presentation of the notions in this subsection we shall denote JE(ea) = ea∗ ,
a = 1 . . . ,m. Then {e1,0a = ea − iea∗}, a = 1 . . . ,m is a local frame of E
1,0 ⊂ EC.
Let R be the curvature tensor section of ∇ and let RC be the curvature tensor section of ∇C.
Then, we easily get that
RC(s1, s2)e
1,0
a = R(s1, s2)ea − iR(s1, s2)ea∗ ,
for every real sections s1, s2 ∈ Γ(E).
Since ∇JE = 0 we easily have JER(s1, s2) = R(s1, s2)JE and let
(
Rab −R
a∗
b
Ra
∗
b R
a
b
)
, a, b =
1 . . . ,m, be the matrix of JER with respect to the local basis {ea, ea∗}, a = 1 . . . ,m, i.e.
JER(s1, s2)ea =
m∑
b=1
(Rba(s1, s2)eb +R
b∗
a (s1, s2)eb∗),
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(JER)(s1, s2)ea∗ = (JER)(s1, s2)JE(ea) = JE(JER)(s1, s2)ea
=
m∑
b=1
(−Rb
∗
a (s1, s2)eb +R
b
a(s1, s2)eb∗).
The curvature matrix Φ of the restriction of ∇C to E1,0 ⊂ EC, with respect to the local basis
{e1,0a }, a = 1, . . . ,m is given by
m∑
b=1
Φba(s1, s2)e
1,0
b = R
C(s1, s2)e
1,0
a = R(s1, s2)ea − iR(s1, s2)ea∗
= −(JER)(s1, s2)ea∗ − i(JER)(s1, s2)ea
=
m∑
b=1
(Rb
∗
a (s1, s2)eb −R
b
a(s1, s2)eb∗ − iR
b
a(s1, s2)eb − iR
b∗
a (s1, s2)eb∗)
=
m∑
b=1
(Rb
∗
a (s1, s2)(eb − ieb∗)− iR
b
a(s1, s2)(eb − ieb∗))
=
m∑
b=1
(Rb
∗
a (s1, s2)− iR
b
a(s1, s2))e
1,0
b .
Thus, we have
Φba = R
b∗
a − iR
b
a = −i(R
b
a + iR
b∗
a ). (4.2)
Suppose now, that ∇ is compatible with a Hermitian metric g on E. If {ea, ea∗}, a = 1 . . . ,m is
an orthonormal local basis of sections of E with respect to this metric then the matrix Φ has the
property Φt = −Φ, see Remark 4.3.
Thus, the E-Chern forms of E1,0 are essentially determined by the matrix
iΦ = R+ iR∗ (4.3)
and every element φ ∈ Ik(Gl(m,C)) obtained from det(A− λI), where A ∈ gl(m,C).
We denoted by R the m×m matrix with entries the 2-forms Rba and R
∗ the m×m matrix with
entries the 2-forms Rb
∗
a . On the other hand it is well known that the elements of I
k(Gl(m,C)) are
also generated by the polynomials
traceAk , k = 0, 1, . . . ,m , A ∈ gl(m,C).
These polynomials can be used to construct some dE-closed forms on E which are called E-Chern
forms of E1,0 associated to ∇.
Theorem 4.1. The E-Chern forms of E1,0 given by trace (iΦ)k are, up to a constant factor the
forms on E, given by trace
(
R −R∗
R∗ R
)k
, i.e. they can be constructed using the matrix of
JER, where JE is the almost complex structure on E and R is the curvature of an almost complex
connection ∇ on E.
Proof. We use an orthonormal local basis {ea, ea∗}, a = 1, . . . ,m with respect to a Hermitian
metric on E. Then we have
Rt + iR∗t = (iΦ)t = iΦ = R− iR∗.
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Thus, R is a symmetric matrix and R∗ is a skew-symmetric matrix. The form trace (iΦ)k is real
since we have
trace (iΦ)k = trace (iΦ)k = trace ((iΦ)t)k = trace ((iΦ)k)t = trace (iΦ)k.
It is well known that to the complex matrix iΦ = R + iR∗ it corresponds its real representation(
R −R∗
R∗ R
)
, and to (iΦ)k = Π+ iΠ∗ corresponds
(
Π −Π∗
Π∗ Π
)
=
(
R −R∗
R∗ R
)k
.
Then we have
trace (iΦ)k = trace (Π + iΠ∗) = traceΠ =
1
2
trace
(
Π −Π∗
Π∗ Π
)
=
1
2
trace
(
R −R∗
R∗ R
)k
.
Since the E-Chern forms of E1,0 do not depend on the local frame used for their local represen-
tation, it follows that we can use the matrices associated to JER to get them.
The result obtained above can be extended to the case of an almost complex connection ∇ on
E which is not necessarily compatible with a Hermitian metric on E. In this case the imaginary
part of the form trace (iΦ)k is a dE-exact form on E and the corresponding E-Chern form of order
k of E1,0 is the real part of (iΦ)k. Then the E-Chern form of order k of E1,0 given by trace of
the k-power of the matrix associated with JER in an arbitrary local frame of E.
4.3 A metric product connection
In this subsection we consider a metric product connection associated to an almost Hermitian Lie
algebroid, following some arguments from the theory of complex distributions, see [40]. Also, a
2–form section for E0,1 similar to the second fundamental form of complex distributions is studied
in our setting.
Let EC = E
1,0 ⊕ E0,1 be the complexification of an almost Hermitian Lie algebroid. We
consider the natural projections p1,0 : EC → E
1,0 and p0,1 : EC → E
0,1 defined in (2.12).
It is easy to see that E1,0 is the h-orthogonal of E0,1 in EC and conversely, where h is the
Hermitian metric on EC defined by h(s1, s2) = g(s1, s2), for every s1, s2 ∈ Γ(EC). We define the
metric product connection D˜ by
D˜s1s2 = p
0,1Ds1p
0,1s2 + p
1,0Ds1p
1,0s2 = Ds1s2 +
1
2
(Ds1JE)JE(s2), ∀ s1, s2 ∈ Γ(EC), (4.4)
where D is the Levi-Civita connection on EC. We notice that D˜ satisfies the conditions
D˜p1,0 = D˜p0,1 = D˜h = 0 (4.5)
and has the torsion
T
D˜
(s1, s2) = p
0,1
(
Ds2p
1,0s1 −Ds1p
1,0s2
)
+ p1,0
(
Ds2p
0,1s1 −Ds1p
0,1s2
)
(4.6)
or, by using (2.12), we get
T
D˜
(s1, s2) =
1
2
((Ds1JE)JE(s2)− (Ds2JE)JE(s1)) . (4.7)
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If {ea}, a = 1, . . . ,m is a local basis of E
1,0 and {ea}, a = 1, . . . ,m is a local basis of E
0,1then,
we have
D˜eaeb = Γ
d
abed , D˜eaeb = Γ
d
ab
ed , D˜eaeb = Γ
d
abed , D˜eaeb = Γ
d
a b
ed
and
T
D˜
(ea, eb) = C
d
baed , TD˜(ea, eb) = (C
d
ba
− Γd
ba
)ed + (Γ
d
ab
− Cd
ab
)ed,
T
D˜
(ea, eb) = −TD˜(eb, ea) = TD˜(ea, eb) , TD˜(ea, eb) = TD˜(ea, eb),
where Γ··· are the coefficients of the Levi-Civita connection from Proposition 4.2.
As in the classical theory of submanifolds, the tensor section
B0,1(s1, s2) = −
1
2
(
Dp0,1s1JE
)
JE(p
0,1s2) = p
1,0
(
Dp0,1s1p
0,1s2
)
(4.8)
will be called the second fundamental form section of E0,1 and the equations:
Dp0,1s1p
0,1s2 = D˜p0,1s1p
0,1s2 −
1
2
(
Dp0,1s1JE
)
JE(p
0,1s2), (4.9)
Dp0,1s1p
1,0s2 = D˜p0,1s1p
1,0s2 −
1
2
(
Dp0,1s1JE
)
JE(p
1,0s2) (4.10)
will be called the Gauss-Weingarten equations of E0,1.
Locally, B0,1 is given by B0,1(ea, eb) = B
0,1(ea, eb) = B
0,1(ea, eb) = 0 , B
0,1(ea, eb) = Γ
d
a b
ed.
Remark 4.5. If (E, ρE , [·, ·]E , g) is Hermitian then the integrability of JE implies C
d
ab = 0 and
taking into account the expression of the coefficients Γdab from Proposition 4.2 it follows that B
0,1
vanishes. In the end of this subsection we obtain that conversely is also true.
Similarly, the operators W 0,1s ∈ EndC(EC) defined by
W 0,1s2 s1 :=
1
2
(
Dp0,1s1JE
)
JE(p
1,0s2) = −p
0,1Dp0,1s1p
1,0s2 , ∀ s1, s2 ∈ Γ(EC) (4.11)
will be called the Weingarten operators for E0,1 and the metric character of D˜ implies
h(W 0,1s3 s1, s2) = h(s3, B
0,1(s1, s2)). (4.12)
Locally, we have W 0,1eb ea =W
0,1
eb
ea =W
0,1
eb
ea = 0 , W
0,1
eb
ea = −Γ
d
abed.
The relation (4.7) says that the second fundamental form section B0,1 of E0,1 is symmetric iff
E0,1 is integrable, and, in this case, D˜|E0,1 may be seen as a metric torsionless connection along
E0,1. Of course, as usual, we can relate the curvature tensors of the connections D and D˜ and
then the analogue formulas for Gauss, Ricci and Codazzi equations can be obtained for our case.
Also, the second fundamental form section B0,1 provides a mean curvature section H0,1 of
E0,1, given by
H0,1 = H(E0,1) = trB0,1 =
m∑
a,b=1
B0,1(fa, fb) ∈ Γ(E
1,0), (4.13)
where {fa}, a = 1, . . . ,m is an arbitrary, h-unitary local basis of EC.
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The relation between H0,1 and Weingarten operators is provided by the h-dual 1–form section
k0,1 of H0,1 which is given by
k0,1(s) =
m∑
a=1
h(W 0,1s fa, fa). (4.14)
As usual, will we say that E0,1 is totally geodesic if its second fundamental form section B0,1
vanishes and it is minimal if H0,1 = 0. If there exists a section s ∈ Γ(E1,0) such that
B0,1(s1, s2) = g(p
0,1s1, p
0,1s2)s, (4.15)
the subbundle E0,1 is totally umbilical.
Remark 4.6. Taking into account that g(p0,1s1, p
0,1s2) = 0 it follows that E
0,1 is totally geodesic
iff it is totally umbilical and in this case it is also minimal.
Similar calculations as in the proof of Proposition 2.1 from [40] leads to
Proposition 4.4. Let (E, ρE , [·, ·]E , g) be an almost Hermitian Lie algebroid over a smooth man-
ifold M . The second fundamental form section B0,1 of E0,1 is given by the formulas
ImB0,1(s1, s2) = ReB
0,1(s1, JE(s2)) and g(ReB
0,1(s1, s2), s3) =
=
1
16
[g(NJE(s1, s2), s3) + g(NJE(s2, JE(s3)), JE(s1))− g(NJE (JE(s3), s1), JE(s2))] (4.16)
where s1, s2, s3 ∈ Γ(E).
By direct calculations we have the following equivalent form of the second formula of (4.16):
g(ReB0,1(s1, s2), s3) = −
1
8
[
(DJE(s1)Φ)(s2, s3) + (Ds1Φ)(JE(s2), s3)
]
. (4.17)
Also, it is easy to see that
B0,1(JE(s1), JE(s2)) = −B
0,1(s1, s2), (4.18)
which yields the following interpretation of the Nijenhuis tensor, namely
NJE = 16Re (altB
0,1). (4.19)
Corollary 4.2. Let (E, ρE , [·, ·]E , g) be an almost Hermitian Lie algebroid over a smooth manifold
M . The mean curvature section H0,1 of E0,1 is zero. The second fundamental form section B0,1
of E0,1 vanishes iff (E, ρE , [·, ·]E , g) is Hermitian.
Proof. Taking into account the definition (4.13) of H0,1 with an orthonormal basis of the form
{ea, JE(ea)}, a = 1, . . . ,m and using (4.18), we obtain H
0,1 = 0. The formulas (4.19) and (4.16)
implies that B0,1 = 0 iff NJE = 0.
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